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'""' Abstract 

^^ We prove here the smoothness and the irreducibihty of the periodic dynatomic 

W curves (c, z) E C such that z is n-periodic for z + c, where d>2. 

,^ We use the method provided by Xavier Buff and Tan Lei in |BTj where they prove 

d the conclusion for d = 2. The proof for smoothness is based on elementary calcula- 

H tions on the pushforwards of specific quadratic differentials, following Thurston and 

'~~' Epstein, while the proof for irreducibihty is a simplified version of Lau-Schleicher's 

^_H proof by using elementary arithmetic properties of kneading sequence instead of 

K*' internal addresses. 

in 

1^ 

^- 1 Introduction 

o 

I For c G C, set fc{z) = z'^ + c, where d > 2. For n > 1, define 



Xn := {(c, z)eC^\ f^{z) = z, (/,")'(z) ^ 1 and for all < m < n, f^{z) ^ z}. 

The objective of this note is to give an elementary proof of the following results: 
Theorem 1.1. For every n > 1, the closure of Xn in C^ is smooth. 
Theorem 1.2. For every n >1 the closure of Xn in C^ is irreducible. 

The first example is, as ci = 2 

X, = {{c,z)eC'\z' + c = z}^{{y-)} = {{c,z)eC'\c = z-z'}^{{y-)} 
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and 



In the case d = 2, Theorem 1.1| was proved by Douady- Hubbard and Buff- Tan in 



different methods; Theorem 1.2 was proved by Bousch, Morton, Lau-Schleicher and Buff- 



Tan with different approaches. 

Our approach here to the two Theorems is a generahsation to that used by Xavier 
Buff and Tan Lei in |BTj . where they prove the conclusion for d = 2. To prove Theorem 



1.1, we use elementary calculations on quadratic differentials and Thurston's contraction 



principle. To prove Theorem 1.2[ we use a dynamical method by a purely arithmetic 



argument on kneading sequences(Lemma 3.2 below). 



Section 2 proves the smoothness and Section 3 proves the irreducibility. The two 
sections can be read independently. 

Acknowlegement. We thank Tan Lei for helpful discussions, and Yang Fei for providing 
some good pictures 



2 Smoothness of the periodic curves 

For n > 1, and (c, z) E C'^, we say that z is periodic of period n ioi fc '■ z ^-^ z'^ + c, where 
d >2, ii f°"'{z) = z and for all < m < n, f^{z) ^ z. In this case the multiplier of z for 
fc is defined to be [f^]'{z). 

We define 

Xn '■= {(c, z) G C"^ \ z is of period n for f^ and of multiplier distinct from l}. 

The objective of here is to give an elementary proof of the following result: 

Theorem 2.1. For every n > 1, the closure X„ of X^ in C^ is smooth. More precisely, 
the boundary dXn is the finite set of (c, z) G C such that z is of period m < n dividing 
n for fc whose multiplier is of the form e^'^™/^ with m,u > 1 co-prime and v = n/m. In 
a neighborhood of a point (cq, zq) G X„, the set Xn is locally the graph of a holomorphic 

\ c^ z{c) with z{cq) = zo if (cq, Zq) G X„ 

map < 

[^ z t-T- c{z) with c{zq) = Co and c'{zo) =0 if (cq, Zq) G dXn 

The idea is to prove that some partial derivative of some defining function of X„ is 
non vanishing. Following A. Epstein, we will express this derivative as the coefficient of 
a quadratic differential of the form {fc)*Q — Q- Thurston's contraction principle gives 
ifc)*Q — Q 7^ 0, therefore the non-nuUness of our partial derivative. 

2.1 Quadratic differentials and contraction principle 

A meromorphic quadratic differential (or in short, a quadratic differential) Q on C takes 
the form Q = q dz^ with q a meromorphic function on C 



We use Q(C) to denote the set of meromorphic quadratic differentials on C whose 
poles (if any) are all simple. If Q G Q(C) and U is a. bounded open subset of C, the norm 



\Q\ 



u 



u 



is well defined and finite. 
For example 



dz^ 



2-K rR 



\{\z\<R} 




-r drde = 27rR . 



^0 ^ 



For / : C — ?► C a non-constant polynomial and Q = q dz^ a meromorphic quadratic 
differential on C, the pushforward /^,Q is defined by the quadratic differential 



f^Q:=Tq dz^ with Tq{z) := J^ 77 



q{w) 



f{w)=z 

If g G Q(C), then /,Q G Q(C) also. 

The following lemma is a weak version of Thurston's contraction principle. 

Lemma 2.2 (contraction principle). For a non-constant polynomial f and a round disk 
V of radius large enough so that U := f~^{y) is relatively compact in V , we have 

||/*Q|k<||Q||i/<||Q||y, VQgQ(C). 

Proof. The strict inequality on the right is a consequence of the fact that U is relatively 
compact in V . The inequality on the left comes from 



ll/*Q| 



< 



ZdV 



zeV 



y - 



q[w) 



f(w)=z 

E 

f{w)=z 



f'{w) 
q{w) 



f'{w) 



\q{w)\ \dw[ 



\dz\' 



\dz\ 



\Q\ 



wGU 



n 



Corollary 2.3. If f : C ^ C is a polynomial and if Q G Q{C), then f^Q ^ Q. 

Remark 2.1. Thurston's contraction principal says that if Q is a meromorphic quadratic 

differential on P^ and / : P^ — )■ P^ is a rational function, if one requires /* Q = Q with 
Q 7^ 0, then / is necessarily a Lattes example. 



The formulas below appeared in [L] chapter 2, we write them together as a lemma. 



Lemma 2.4 (Levin). For f = fc, we have 



/* ]=77^-^{ 77^ ^/«^0 (2.1) 

dz^ \ dz^ d-l f dz^ dz^ 



^*y{z-aY) {z-f{a)Y af'{a)\z-f{a) z-c) '^"^°- 



2.2 Proof of Theorem 2.1 



Lemma 2.5 (compare with |Mil] ) . Given z & C, for n > and d > 2, define Zn '■ c ^-^ 
f°^{z) and 6n = f',{zn) = dzf- Then 

dz„ 

1 + 5„_i + 6n^lSn~2 + • • • + Sn-lSn-2 " " " (^l- 



dc 
Proof. From Zn = z'^_^ + c, c? > 2, we obtain 



dz„ dz„_i dzo ^ 

— = 1 + o„„i — with — — = U. 



dc dc dc 

The result follows by induction. D 



Proof of Theorem 2.1 



Let P„(c, z) := f°^{z) — z and consider the algebraic curve 

Y^:={{c,z)eC^\Pnic,z) = 0}. 

If (c, z) E Yn, the point z is periodic for /^ of period m < n. Then m divides tiFJ Therefore 
1^ is the set of (c, 2;) such that z is periodic for fc of period m < n and m dividing n. 

As Yn is a closed subset of C^, we have X„ C Yn- 

We decompose y„ into 

U {{c,z) \ z is of period n for fc with multiplier 1} 

U {(c, 2;) I z is of period m for fc with m < n and m dividing n} 

We will examine case by case points in 1^, determine points in X„ and establish the 
smoothness of X„ at each of these points. 

Case 1. Consider a point (co,-2o) ^ -^n C 1^. 



luse the formula = /°"(z) - z = /°'^™+^(z) - z = ff{ff'"'{z)) -z = ff{z) - z and the minimahty 
of m to conclude that ttt, divides n. 



If (c, z) E Yn is close to (cq, Zq) G X„, the points of the orbit of z are close to points 
of the orbit of zq and there are therefore at least n distinct points in the orbit of z. It 
follows that the period of z is equal to n. This shows that in a neighborhood of (cq, 2:0); 
the curves X„ and Yn coincide. It suffices to show that Yn is smooth in a neighborhood 
of(co,^o). As [/,7]'(zo) 7^ 1, we have 



dPn 

dz 



(co,^o) 7^0. 



The implicit function theorem implies that Yn-, therefore X„, is smooth in a neighborhood 
of (co,2;o). 

Case 2. Now consider a point (cq, Zq) G F„ such that Zq is of period equal to n for /q, 
with multiplier 1. 

Fix any £ > n that is a multiple of n. And consider P^ and Y^. We know that 

{co,Zo)eY, and [/4]'(zo) = 1 • (2.2) 



(9P 

Claim. For any triple (co,Zo,i) satisfying (|2.2|) , we have -7:—(.Co,zo) 7^ 0. 

oc 



Proof. For A; > 0, define inductively Zk+i = fcoi^k) and define 6k := fcQ^Zk). We have, by 
Lemma 12.51 



^(CO, Zq) = -^iffi^o) - Zq) 



1 + Se-1 + 5i_i5e_2 + • • • + 5i_i5, 



i-2 ' 



5i. 



C() 



Now consider the quadratic differential Q G Q(C) defined by 






fc=0 



Z — Zk 



■■■Ok- 



Applying Lemma 2.4 and writing / for /c^, we obtain 



k=o " ^ 



dz^ 



dz^ 



2; — Zk+l z — Co 



Q{z) - ^(co,^o) 



dz^ 



dc 



Z -Co 



By Corollary 2.3, we can not have f^:Q= Q- It follows that 

dPf 



dc 



{co,Zo) i- 0. 



This ends the proof of the claim. 



Now let £ = n, by implicit function theorem,there exists unique locally holomorphic 
function c{z) with f^iAz) = z,c{zo) = Zq and c'{zo) = O(for -^(co,Zo) = 0). Then there 
is neighborhood U of (cq, zo) in C^ such that 



YnnU = {{c{z),z)\\z-Zo\ <e}- 



As Zq is an periodic point of /eg and the map z ^^ [/°(")]'(-2) is holoniorphic and can not 
ben constantly 1, we can choose e small enough such that z is n periodic point of fc(z) 
with multiplier 7^ 1 for |;2 — 2;o| < e. Then 

f/nF„\{(co,2o)}cf/nx„cf/nF„. 

It follows (co, zq) G dXn and U HYn is a neighborhood of (cq, Zq) on X„. Then X„ is 
smooth at (cq, zq) and parametered locally by z. 

Case 3. Finally consider (cq, zq) G F„ so that 2:0 is of period m < n for /c^ with m 
dividing n. 

Note that F^ C F„. 

If [/^]'(2;o) 7^ 1 then [f^Wzo) 7^ 1. By the existence and the unicity of the implicit 
function theorem the local solutions of /"(z) — 2; = and f^{z) = z coincide, that is, 
Ym and Yn coincide locally. So at point {co,zo), Yn is locally the graph of a holomorphic 
function z{c) with z{co) = zq and z{c) is m periodic point of fc- It follows that (cq, zq) ^ 

If [fcoYi^o) = 1 and [f^]'{zo) = 1, then both triples {co,zo,m) and (cc^o,'"') satisfy 
(2.2[) . The claim in Case 2 and implicit function theorem imply that Y^ and Yn again 



coincide in a neighborhood of {cq,zq). For the same reason as above, {cq, zq) ^ X„ 

Set p := [f^]'izo). We consider now the only remaining case p 7^ 1 and p"/™- = 

[/ro]'(^o) = 1. 

Fix any integer s > 2 such that p* = 1. Let c^: be any point outside Mandelbrot set, 
then each zero point of f^{z) — z is simple. It follows that f^{z) — z divides f°T'^{z) — z. 
Since c* is any point outside Mandelbrot set, the polynomial fJJ^{z) — z must divides 
fj^'^{z) — z. Let P{c, z) be the polynomial defined by the equation: 

fr\z)-z={fr{z)-z).P{c,z). (2.3) 

Claim. Let Zg := {(c, z) | P{c,z) = 0}. Then (cq, Zq) ^ Zg and there is a neighborhood 
V of (co, Zq) in C^ such that 

ZgHV = {{c{z), z)\\z — Zo\ < Eq, c{z) is holomorphic with c{zo) = Cq and c'{zo) = 0}. 

Proof. We will prove at first that the map z H- fj^'^iz) — z has a zero of order 
at least 3 at Zq. Define F{z) = f"^{z + zq) — zq, then it is equivalent to show the 
function F'^{z) := f^^i^z + zq) — zq has a local expansion z + 0{z^) at 0. We have 
F{z) = pz + az"^ + 0{z^) in a neighborhood of 0. One checks by induction 

VA; > 1, F°\z) = p'^z + ap^-i(l + p + p^ + . . . + p'=-i)^2 ^ ^^^3) ^ 



^One can prove that D := {(c, z) | f°^{z) = z, [fc]'{z) = 1} is finite as follows: Denote by X{c), resp. 
F(2) the resultant of the two polynomials f°"{z) — z and [fc]'{z) — 1 considered as polynomials of z, 
resp. of c. Then X{c) is a polynomial of c, resp. ^^(z) is a polynomial of z. The projection of D to 
each coordinate equals the zeros of X, resp. of Y. As no point of the form (0, z), (c, 0) is in D, we have 
X(0) 7^ 7^ r(0) so X, y each has finite many roots. As D C (^-^(O) x C) n (C x F"^(0)) we know 
that D is finite. 



But p ^ 1 and p' = 1, it follows that 1 + p + p^ + ■ ■ ■ + p"~^ = and F°'{z) = z + 0{z^). 



Since z h^ fc^iz) — z has a simple zero, we see from (2.3) that z i-> P{co,z) has a 
zero of order at least 2 at zq. Therefore {co,zo) G Zg and 



We proceed now to prove 



dP 

dz 

dP 

dc 



(co, 2:0) = 0. 



{co,zo) ^ 0. 



(2.4) 



(2.5) 



This will be down in two steps: 
Step 1. Let Q[c,z) := /°™(2) - z. We have 

dQ 

(5(co,2o) = and — (cq, 2:0) = p - 1 7^ 0. 

According to the implicit function theorem, there is a germ of a holomorphic function 
C : (C, Co) — 7- (C, 2:0) with Q[c, C(c)) = 0. In other words, C(c) is a periodic point of period 
m for /c. Let p^ denote the multiplier of C(c) for /^ and set 



Lemma 2.6. VFe /iave 



dc '"^o" 



dP s-p 



Proof. Differentiating the equation (2.3 ) with respect to z, and then evaluating at (c, C(c)) ^ 
we get: 

dP 

Pi-^ = {Pc-i)-p{cx{c)) + {fT{ac))-ac)) - ^(c,c(c)) = (p.- 1) •p(c,c(c)). 



Setting 



we have 



i?(c):=P(c,C(c)) 






R (Co) = "a-(C0, 2:0) + -q-[Cq, Zq) ■ C [Co) = -q-{Co, Zq) . 



Using p'^ = 1 and p'^ ^ = 1/p, we deduce that 



dc ' (ic \pc — 1 



sp 



,s-l 



(ipc 



p-1 {p-iyj dc CO pip -I) 



s-p 



D 



Step 2. p 7^ 0. The proof of this fact will be postponed to the following section 2.3 
using quadratic differential with double poles (see also |DHj for a parabolic implosion 
approach) . 



This ends the proof of (2.5) , as well as the proof of the claim by combining (2.5) 



and the implicit function theorem plus the observation that (cq, Zq) G Zs- 

Write now p = e^'^*"/'" with u, v co-prime and f > 0. Then any s satisfying p** = 1 
takes the form s = kv for some integer k > 1. With the same reason as that of existence 



of polynomial P{c, z) in (2.3), there are polynomials g, h such that 

/r^(^) - z = fr'^iz) - z = ifr^iz) - z)g{c, z) = (friz) - z)h{c, z)g{c, z) . 

By definition we have Zg = {{c,z) \ g{c,z)h{c,z) = 0} D {{c,z) \ h{c,z) = 0} = Z^. By 
the claim in Case 3, we conclude that Zs and Z^ coincide in a neighborhood of (cq, zq) as 
the graph of a single holomorphic function c{z) with vanishing derivative at zq. 

Remark: (1) If necessary, we can decrease Eq in claim of case 3 such that f^z)^z) — z ^ for 
< 1^; — 2;o| < Sq. Otherwise, there exist a sequence {zk} with Zk ^ zq { correspondingly, 
Cfc := c{zk) — !■ Co ) such that fj^{zk) — Zk = and h{ck,Zk)g{ck,Zk) = 0. It follows that 
[fc^'^^izk) — 1 = 0, that is, {ck} is a sequence of parabolic parameter with period of 
parabolic orbit less than m converging to Cq. It is impossible. 

(2) Zs = {Yn \ Y^) U {(Co, Zo)}, XnCYn\ Y^ 

Lemma 2.7. There exists Q < Si < Eq such that z is mv periodic point of fc{z) with 
multiplier^ 1 for < |2 — 2;o| < Ei. c{z) is defined in the claim of case 3. 

Proof. Note that P{c{z),z) = implies z is periodic point of fc(z) with period less than 
ms. As (/^)'(-Zo) = p = e^'^™/^, by lemma 3.9 below, when c is close enough to Cq, 



the orbit of /cp containing zq splits into two periodic orbit of fc with period m and mv. 
Then we can choose Ei < Eq such that z belongs to one of the two splitted orbits of fc(z) 
ior < \z — zq\ < El. By remark (1), the period of z under fc(z) niust be mv. The 
parabolic parameter in M^ with period of parabolic point less than a fixed number are 
finite, so we can decrease Ei if necessary, such that c{z) is not parabolic parameter for 
< 1^; — 2;o| < El. D 

Now let Vi be a neighborhood of (cq, zq) in C^ with property that 

VinZs = VinZ, = {{c{z), z)\\z- zo\ < Ei}. 



If n = mv, by lemma 2.7 and remark (2), we have 



{Vi n z,) \ {(Co, zo)} c Vi n x„ c VI n (F„ \ F„) = {Vi n z,) \ {(co, zo)}. 

It follows {co,zq) G dXn and X„ coincides with Z^ at neighborhood of (co,2;o)- Then X„ 
is smooth at point (cq, Zq) 



m 



If n = mvk for some k > 1 

{v^ n z,) \ {(co,^o)} c 1^1 n (r„ \ f„) = {v^ n z,) \ {{c,,zo)}. 

Then V^i fl Z^ is the neighborhood of (cq, ^o) in (^n \ ^) U {(cq, 2^0) }• For -^n C 1^ \ YJ. 
and X„ n (Vl fl Zs) = 0, we have (cq, 2:0) ^ X^ □ 

2.3 Quadratic differentials with double poles 

Set / := /co, 

Zk:=f{zo), 6,:=dzt-' = f{zk), a,(c) := /f (C(c)) and (k := Ckico)- 

Then 

Cfc+i(c) = /c(Cfc(c)) and Cm = Co- 

Since 

there is a unique m-tuple (/xq, • • • ,/^m-i) such that 

^fe d-1 



^J'k+l 



dzt^ dzt 



-k ""^k 

where the indices are considered to be modulo m. 

Now consider the quadratic differential Q (with double poles) defined by 

-m— 1 / _ 

1 , ^^k 



k=0 



•i— ^ \ I r — r, 1^ r — 7', I 



{z - ZkY Z- Zk 



Lemma 2.8 (Compare with [L]). We have 



hQ=Q 



p dz 



2 



P Z-Cq 



Proof. By construction of Q and the calculation of /^.Q in Lemma 2.4, the polar parts of 
Q and /=„ Q along the cycle of zq are identical. But /* Q has an extra simple pole at the 
critical value cq with coefficient 

m— 1 / 7 1 \ m—1 

We need to show that this coefficient is equal to — -. 
Using Cfc+i(c) = C,k{cY + c, we get 

C/c+i = dz^. Cfc + 1- 



d-i;- .. y .. (^-l)a 



It follows that 

^k 

Therefore 

m— 1 m— 1 / / J T \/- \ m—l I 

^ /ifc+1 = ^ I Cfe+iAifc+1 - CkfJ'k H ^ J = (c? - 1) ^ ^ = -, 

fc=0 fc=0 V ^ ) k=0 ^ ^ 

where last equality is obtained by evaluating at Cq of the logarithmic derivative of 

m—l 

pc ■■= n <"'(^)- ° 

A:=0 

Lemma 2.9 (Epstein[E]). We have f^Q ^ Q. 

Proof. The proof rests again on the contraction principle, but we can not apply directly 



Lemma 2.2 since Q is not integrable near the cycle (2:05 • • • , ^m-i)- Consider a sufficiently 



large round disk V so that U := f ^(V) is relatively compact in V. Given e > 0, we set 

m 

V,:=[jf{D{zo,e)) and U, := f-^V,). 

k=l 

When e tends to 0, we have 

||/*Q||v-yE < 11211(7-^7^ = IIQIIy-y^ — HQUv-l/ + ||Q||v;-{/. — \\Q\\ue-Ve- 
If we had f*Q = Q, we would have 

< ||Q||y-c7 < \\Q\\v,-u,- 

However, ||Q||y^-(7^ tends to as e tends to 0, which is a contradiction. Indeed, Q = 

q(z)dz'^, the meromorphic function q is equivalent to as z tends to zq. In addition, 

[z - Zo) 

since the multiplier of zq has modulus 1, 

D{zo,e)cU,-V,cD{zo,e') with ^^1- 
Therefor, 

\\QU-u.< r r ^ ^ l^^K drdO = 27r(l + o(l)) log - ^ 

Jo Je ''" ^ 

D 
The fact p 7^ follows from the above two lemmas. 

10 



3 The irreducibility of the periodic curves 

Recall that fc denote the polynomial z \-^ z'^ + c, where d >2, and we have defined 
Xn := {{c,z) e C^ I f^{z) = z, [f^]'{z) ^ 1 and for all < m < n, f^{z) ^ z}. 

The objective here is to prove: 
Theorem 3.1. For every n > 1, the set X„ is connected. 

It follows immediately that the closure of X^ in C^ is irreducible. 

3.1 Kneading sequences 

Set T = M/Z and let r : T — )> T be the angle map 

T -.TBO^de eT,d>2. 

We shall often make the confusion between an angle 6 eT and its representative in [0, 1[. 
In particular, the angle 6/d G T is the element of t~^{6) with representative in [0, l/d[ 
and the angle {6 + {d— l))/d is the element of t^^{6) with representative in [{d — l)/d, 1[. 

Every angle 6 eT has an associated kneading sequence z/(^) = z/iz/2^'3 • • • defined by 

9 + 1 



I'k 



1 
2 



ifr^-^(^) G 
iiT^~\e) G 



rf' d 

e + i e + 2 



d 



d 



d-l if r^-i(^)G 
ifr^-i(^)GT 



9 + {d-2) 9 + (d-l] 



d d 

6 + [d-l 



if r^-i(^) G 



_(i' d 

6 'e + 1 e + (d-2) e + {d-i) 



For example, 



(i' d 



,27. 



d 



d 



as ci = 3, z/(-) = 12102.^ and z/(— ) = 22200.^; 

7 28 



We shall say that an angle 9 E T, periodic under r, is maximal in its orbit if its 
representative in [0, 1) is maximal among the representatives of t^{0) in [0, 1) for all 
j > 1. If the period is n and the d-expansion [d > 2) oi 6 is .ei . . . En, then 6 is maximal 



11 




21 



Figure 1: As d = 3, the kneading sequence oi 6 = 1/7 is iy{l/7) = 12102^ 

in its orbit if and only if the periodic sequence ei . . .En is maximal (in the lexicographic 

5 

order) among its shifts. For example, as d = 4, — = .02211 is not maximal in its orbit 

20 

but — = .22110 is maximal in the same orbit. 
31 

The following lemma indicates cases where the d— expansion {d > 2) and the kneading 
sequence coincide. 

Lemma 3.2 (Realization of kneading sequences). Let 6 E T be a periodic angle which is 
maximal in its orbit and let .Ei . . . En be its d-expansion {d > 2). Then, En G {0,1,2,..., d— 
2} and the kneading sequence v{9) is equal to Ei . . . ^n-i*- 

For example, 

13 

• as ci = 3 — = .221001 and viO) = 22100^. 

14 ^ 

28 



as ci = 4 — = .32130 and uie) = 3213.^. 

31 ^ ^ 



Proof. Since 9 is maximal in its orbit under r, the orbit of 9 is disjoint from 1 -, -1 Ml — ; — , -1 

^ d d-' -'a d-' 

U...U] ^^^^~^\ ^^]U]g,l]. It follows that the orbit t^{9), j = 0, 1, . . . ,n - 2 

^.12 d-2 d-l. 

have the same itmerary relative to the two partitions T — -^ 0, -,-,... , — - — , — ; — \ and 

_ d d d d ' 

.9 9 + 1 9 + {d-2) 9 + {d-l) , , 
T - {-, -^, . . . , , } (see Figure 

expansion {d > 2) whereas the second gives the kneading sequence. Therefore, the knead- 

flfl-Ll Q -\- ((1 1") 

ing sequence of 6* is Ei . . . £«-!*• Since t^^^{9) G t~^{9) = {-, — - — , . . . , } and 

(Jj (Jj Uj 

12 



2). The first one gives the d- 




Figure 2: As d = 4, the kneading sequence of ^ = 28/31 is i/(28/31) = 3213vf 



e + (d-l) ,, , , ,,^, .9 9 + 1 9 + (d-2). d-l 
since -—\ e ]9, 1], we must have t''~\9) = {-, — — , . . . , -—^ '-} < 



d ^ d d 

So En, as the first digit of t^~^{9), must be in {0, 1, 2, . . . , c? — 2}. 



d 



d 



n 



3.2 Cyclic expression of kneading sequence 

X = {0, 1, . . . , rf — l}((i > 2) is an alphabet. X* is the set of all sequence of symbols from 
X with finite length, that is, 

X* = {iyi...Ut\iyieX,teW}. 

The element of X* is called word, its length is denoted by | ■ |. For any w G X*, w can be 
written as m" := u . . . m with u G X* and n > 1. 

n 

For example: 121212 = 12^, 1234 = 1234. 

Definition 3.3. A word is called primitive if it is not the form u"' for any n > 1, m G X*. 

The following lemma is a basic result about primitive words due to F.W.Levi. One 
can refer to jKM] for the proof. 

Lemma 3.4 (F.W.Levi). For each w G X*, there exists an unique primitive word a{w) 
such that w = a(w)" for some n > 1. 

a{w) is called the primitive root of w, this lemma means the primitive root of a word 
is unique. Let w be a word, we denote by L^ the set of all words different from w only 
at the last digit. 
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Lemma 3.5. If w is a non-primitive word, then any word in L^ is primitive. 

Proof. As w is not primitive, then w = aJ^ where a is the primitive root of w and m > 1. 
w' is any element of Ly^, then w' = a^~^a' for some a' G La- Now assume w' is not 
primitive, then w' = z" where z is the primitive root oiw' and n > 1. Obviously \z\ ^ \a\. 

If \z\ < \a\, then n > m > 2 and a = zb for some b G X*. 

a'^-^a' = 2" ^ za'^-^a' = a'^-^a'z ^ za"'-^a' = zba'^-^a'z ^ 

3v G X^ si a = bv, \v\ = \z\ =^ a^-^bv' = ba^-'^a'z{a' = bv') =^ 

v' = z and a^-^b = ba^~^a' =^ a'^-^vb = ba'^'^a' ^ a' = vb. 

It is a contradiction to a = zb. 

If 1^1 > \a\, then there exists z' G L^ such that z"'~^z' = a"^ = w with m > n > 2. It 
reduces to the case above. 

D 
Now, let 6 he a periodic angle with period n > 2. v{9) is the kneading sequence of 9. 



Definition 3.6. // there is a word w = ui . . . Ut such that iy(6) = w'^'^w^, := w . . . ww^,, 

s-l 

where W-^ = vi . . . Vt-i'^ one? t is a proper factor of n with ts = n, then v{9) is called cyclic, 
otherwise v{9) is called acyclic. 



Definition 3.7. i>{6) = w'^'^w^ is cyclic. If w is a primitive word, we call w^~^Wi, a 
cyclic expression ofv{9). 



The following proposition is a corollary of Lemma 3.4 and 3.5 



Proposition 3.8. If v{9) is cyclic, then its cyclic expression is unique. 



Proof. Assume w*~^U7^ and u'-'^Ui, are two cyclic expression of z/(^) where w = Ui . . .Ut 
and u = ei . . . e^- If i^t = ^m, then w'^ = uK By Lemma 3.4, we have w = u. li Ut ¥" ^ 



mi 



then w^ = u u' with some u' G L„, but this is a contradiction to Lemma 3.5 D 



3.3 Filled-in Julia sets and the Multibrot set 

Let us recall some results about filled-in Julia set and Multibrot set that will be used 
following. These can be found in |DHj . |Mil] and |DEj . 

For c G C, we denote by Kc the filled-in Julia set of /c, that is the set of points z G C 
whose orbit under /c is bounded. We denote by Md the Multibrot set for fc{z) = z'^ + c, 
that is the set of parameters c G C for which the critical point belongs to Kc- 
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If c G Mdi then K^ is connected. There is a confornial isomorphism 0^ • Cx-ft'c -^ C\l 



,d 



which satisfies (pc° fc = (0c) and 0c(^^) ~ l- "^he dynamical ray of angle 6' G T is 

RM := {z G C\ir, I arg(0,(^)) = 27r^}. 

If 6 is rational, then as r tends to 1 from above, 0~^(re^'^*^) converges to a point 7c(^) G iiTc. 
We say that Rc{0) lands at •ydO)- We have /c o 7^ = 7^ o r on Q/Z. In particular, if 6' is 
periodic under r, then 70(6*) is periodic under /c. In addition, 7c(6') is either repelling (its 
multiplier has modulus > 1) or parabolic (its multiplier is a root of unity). 

If c ^ Md, then Kc is a Cantor set. There is a conformal isomorphism (pc '■ Uc -^ Vc 
between neighborhoods of 00 in C, which satisfies (f)c° fc = (0c) on Uc- We may choose 
Uc so that Uc contains the critical value c and Vc is the complement of a closed disk. 
For each ^ G T, there is an infimum rc{6) > 1 such that 0~^ extends analytically along 
Ro{6)n [z E C \ TciO) < \z\] . We denote by ijjc this extension and by RdO) the dynamical 
ray 

Rc{e) := V'c(i?o(^) n {2 G C I r,(0) < |2|}). 

As r tends to rc{9) from above, %l)c.{re^'^^^) converges to a point x G C If rc(^) > 1, then 
X G Cx-ft'c is an iterated preimage of and we say that RdO) bifucates at x. If rdO) = 1, 
then 7c(6') := x belongs to Kc and we say that Rc{9) lands at 7c(6'). Again, fc^'Jc = Ic^t 
on the set of 9 such that Rc{9) does not bifurcate. In particular, if 9 is periodic under r 
and Rc{9) does not bifurcate, then 7c(6') is periodic under fc. 

The Multibrot set is connected. The map 

0A/^ : C\Md 9 c ^ 0c(c) G C\D 
is a conformal isomorphism. For G T, the parameter ray Rm^{9) is 

RmM ■= {c e C\M, I arg(0M,(c)) = 2n9}. 



It is known that if 9 is rational, then as r tends to 1 from above, 0»i (t-q^'^*^) converges to 



a point 7Md(^) ^ ^d- We say that Rm^^) lands at '~)mS9). 

If 6* is periodic for r of exact period n and if Cq := jMai^), then the point 7co(6') is 
periodic for fc^ with period p dividing n {ps = n, s > 1) and multiplier a s-th root of 
unity. If the period of 7co(^) for fc^ is exactly n then the multiplier is 1, cq is called 
primitive parabolic parameter, otherwise cq is called satellite parabolic parameter. 

Lemma 3.9 (near parabolic map), cq is defined as above. When we make a small pertur- 
bation to Cq in parameter space, If Cq is a primitive parabolic parameter, then the parabolic 
orbit of fco is splitted into a pair of nearby periodic orbits of fc, both have length n; If Cq 
is a satellite parabolic parameter, then the parabolic orbit of fc^ is splitted into a pair of 
nearby periodic orbits of fc, one has length p and the other has length sp = n. 

This lemma was proved by Milnor in |Mil] lemma 4.2 for the case d = 2, but we can 
translate the proof word by word to the general case. 
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Figure 3: The parameter rays -Ra/3(7/26) and -Ra/3(9/26) land on a common root of a 
primitive hyperbolic component while -Rms (19/80) and i?Af3 (11/80) land on a common 
root of a satellite hyperbolic component. Only angles of rays are labelled in the graph. 
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Figure 4: The dynamical plane of /cp. cq := 7m3(7/26) = 7m3(9/26) is the root of some 
primitive hyperbolic component as illustrated in Figure [s] The dynamical rays i?co(7/26) 
and i?co(9/26) land on a common parabolic point of /cq with period 3. 
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Let H be periodic n{n > 1) hyperbolic component of M^. For every parameter c G 
H, fc has an attracting periodic orbit { z(c), . . . , f^~^{z{c)) }. Its multipher define a map 

then fiH : H ^ 3 is d — 1 covering map with only one branched point .It extends 
continuously to a neighborhood of H. Considering parameter c G dH such that ^h{c) = 1, 
Eberlein proved that among these points, there is exactly one c which is the landing point 
of two parameter rays of period n, this point is called root of H (see Figure Isl); the other 
d — 2 points are landing points of only one parameter ray of period n each, they are 
called co-root of H (see Figure |6]). H is called primitive or satellite hyperbolic component 
according to whether its root is primitive or satellite parabolic parameter. 

If c is the root of some hyperbolic component and c ^ 7Md(0), then two periodic 
parameter rays RM^iO) and RM^iji) land on c, we say 9 and rj are companion angles, and 
9,7] have the same period under r. c is primitive if and only if the orbit of Rm^{9) and 
RMdiv) under r are distinct. In dynamical plane, the dynamic rays Rc{9) and Rdv) land 
at a common point Xi := 7c(^) = Iciv)- This point is on the parabolic orbit of fc with 
its immediate basin containing the critical value. Rc{9) and Rdv) are adjacent to the 
Fatou component containing c and the curve Rc{9) U Rdrj) U {xi} is a Jordan curve that 
cuts the plane into two connected components: one component, denoted by Vi, contains 
the critical value c; the other component, denoted by Vq, contains -Rc(O) and all points of 
parabolic cycle except xi. Since Vi contains the critical value, its preimage U^, = fc^i^i) 
is connected and contains the critical point 0. It is bounded by the dynamical rays 
Rc{9/d), . . . , Rc[{9 + d — l)/d); Rc{r]/d), . . . , Rc[{ri + d — l)/d). Suppose 9 > r], and since 
each component of C \ t/^ is conformally mapped to Vq which is bounded by Rc{9) and 
Rciv)^ it is easy to see that Rc{{9 + k — l)/c?) and Rc{{i] + k)/d^ land on a common 
point which is one of the preimage of Xi for k G Tj^- Denote Uk the component of 
C \ Rc{i9 + k- l)/d) U {-icUr] + k)/d)} U Rc{{'n + k)/d) disjoint with U^. See Figure Q 
(primitive case) and Figure [s] (satellite case). Note that fc : Uk ^ Vq is conformal. 

If c is a co-root of some hyperbolic component, then exactly one period parameter ray 
RMai/3) land on it (see Figure |6|. In dynamical plane, -Rc(/3) is the unique dynamical ray 
landing on a parabolic periodic point 7c(/3) := Xi, whose immediate basin contains the 
critical value c. The parameter c is a primitive parabolic parameter. Denote Vi the union 
of Fatou component containing c and external ray Rc{(3), Vq = C\Vi, U-^ = fc^iVi). Uk is 
the component of fc^iVo) adjacent with Rc[{f3 + k — l)/d) and Rc[{(3 + k)/d), k G Zd.{see 
Figure [?]) . 

Remark: in our paper, if c is a parabolic parameter, then fc has unique parabolic 
orbit, denoted by {xo,xi, . . . ,Xp-i}. xi is the point whose immediate basin contains 
critical value c. 

The following lemma provides a criterion for 9 such that 7^/^ (9) is a primitive parabolic 
parameter. 

Definition 3.10. Let 9 be a periodic angle of period n and the d-expansion of 9 he .ei . . . e„. 
We call ei . . . e„ the periodic part of the d-expansion of 9. 
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Figure 5: The dynamical plane of /d. ci := 74/3(11/80) = 74/3(19/80) is the root of some 
satellite hyperbolic component as illustrated in Figure IS] The dynamical rays -Rci (11/80) 
and i?ci (19/80) land on a common parabolic point of /^ with period 2. 
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Figure 6: Multibrot set M4. The parameter rays i?M4(l/15) and i?M4(4/15) land on the 
root of some hyperbohc component. RM^i^/lb) and i?M4(l/5) land on two co-root of this 
hyperbolic component respectively. 

Lemma 3.11. 6 is periodic under r with period n > 2. If Cq '■= 7Md(^) is the root of 
some satellite hyperbolic component, then 6 satisfies the following properties: 

(1) z/(6') is cyclic. 



(2) Denote by w^'^Wi, the cyclic expression of iy(6) where w = ui . . .ut, t is a proper 

factor of n and ts = n. Then the last digit of the period part of the d- expansion of 
6 is Ut or Uf — 1. 

Moreover, if 9 is maximal in its orbit, then v{6) also satisfies 

(3) t is the length of parabolic orbit and the last digit of the period part of the d- expansion 

of 9 must be Vt — 1 E [0, rf — 2] . 



Proof. Let rj be the companion angle of 6, then in dynamical plane of /eg , -Rco (^) and Rc^ {rj) 
land on xi (see Figure pi). As V^i contains no points and external rays of the parabolic 



\d-l 



U, 



orbit, then {xq, Xi, . . . , Xp_i} together with their external rays belong to Ufc=o '^ k- 

For Co is satellite parabolic parameter, the length p of parabolic orbit is a proper factor 
of n and f^^ acts on the rays of the orbit transitively. Then we have, in v{9) = vi . . . z/„_i*, 
Vj = z/j(mod)p for 1 < j < n — 1, that is, z/(6') = u'-'^u^, where u = ui . . . Up. By definition 
of kneading sequence, we can see t°^p~^\9) E ((6' + z/p — l)/d, [9 + z/p)/(i). It follows xq 
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Figure 7: The dynamical plane of fc^. cq := ^mSXI^^ is a co-root of the hyperbolic 
component illustrated in Figure IgI i?co(l/5) is the unique dynamical ray landing on 
7co(l/5) which is the parabolic point of f^^ with period 2. 
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together with its external rays belong to U^^. Then r" ^{9) is either {9 + h'p — l)/d {6 > rf) 
or [6 + Vp)/d [6 < rf) (see Figure [s]). So the last digit of d-expansion of 9 is either 



v„ 



1 {6 > rf) or z/p {6 < rj). Let w = ui . . . ut he the primi tive root of m, then u 



We have tu'^ ^u;^ is the cyclic expression of ^{6) (proposition 
property (1) and (2). 



w 



p/t 



3.8) and vt 



Up, so 9 satisfies 





9 > ri 



<7] 



Figure 8: 



Furthermore, if 6 is maximal in its orbit, then 6 > rj , so the last digit of the period 
part of the (i-expansion of 6 must be z/^ — 1. By lemma 3.2, 6 = .w^^^ui . . . I't-ii'^t — 1) 
and 0<i't — l<d — 2. Note that the angles of external rays belonging to xi are 
e, TP{e), . . . , r("-i)P(e) with the order 6 > t'p^O) > ■■■> r(^-i)p(g). The maximum of 6 im- 



plies rj is the second largest angle in orbit of d, then r] 



T' 



\0) 



m' ^z/i 



Vr, 



_i(z/p- l)u. 



If u is not primitive, then p/t > 1. It follows t^{0) > tP{0) = rj, a contradiction to that 
r] is the second largest angle in orbit of 9. So m is a primitive word and hence t = p is 
length of parabolic orbit. 

n 



Then once 6 doesn't satisfy the property in this lemma, we have 7m^ [d) is a primitive 



parabolic parameter. The lemma below can be seen as a application of lemma 3.11 

Lemma 3.12. Assume 9 = .w^^^vi . . . Vt-i{i^t — 1) ^s maximal in its orbit, where w 
Vi . . .Vt is primitive with Vt G \V,d— 1] and t is a proper factor of n with ts = n. Let 



I3v 



.W'^~'^h'l 



vt-i[i^t 



for 2 < i < Uf 



P-i = 



.w^-^ui...{ut-i-l){d-l) 



ast>2 
as t = 1 



.k...k{k-l){d-l) 

Then ■jMaif^ut-i) is a primitive parabolic parameter for any 2 < i < Uf. jMaif^- 
satellite parabolic parameter for 6 = .{d — 1) ■ ■ ■ {d — l){d — 2) and a primitive parabolic 
parameter for any other case. 



IS a 
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Proof. Let (3 = .w'^'^ui . . . Ut-ij be any angle among {Pvt-i\2<i<vti then < j < z/^ — 2. 
The maximum of 9 imphes the maximum of /3 in its orbit. Since w is primitive, by lemma 



3.2, we have w'^ ^w^ is the cyclic expression of z^(/3). As j < z/j — 2 < z/^ — 1, with the 



maximum of j3, the property (3) in lemma 3.11 is not satisfied. So 7Md(/3) is a primitive 
parabolic parameter. 



For /3_i, the maximum of 6 implies /3_i is greater than r(/3_i), r^(/3_i), . . . , r" ^(/3_ 

w^'^ui . . . Vt-rk as t > 2 



I, 



but less than r" (/3_i). It follows z/(/3) = < = w^'^w^,. It is 



1^ 



rhKrC cLS r 



the cyclic expression of z/(/3), then if j3 satisfies the property in lemma 3.11, Vt is either 



or c? — 1. Since 1 < Ut < d — 1, we have Ut must he d — 1, then the maximum of 9 
implies 9 = .{d — 1) ■ ■ ■ {d — l){d — 2) . So ■jMaif^-i) is a primitive parabolic parameter as 
long as ^ ^ .{d-l)---{d- l){d-2). In the case oi 9 = .{d-l)---{d- l)(rf-2), we 



will see in lemma 3.14 that ^Mj:{9) is the root of a hyperbolic component attached to the 
main cardioid and /3_i is the companion angle of 9. In this case, 7a/^(/3_i) is a satellite 
parabolic parameter. 

D 

Remark. In this lemma, we distinguish /3_i according to whether t > 2 or t = 1. It is 
because that we don't find a uniform expression of /3_i for the two cases rather than the 
case of t = 1 is special. 



3.4 Itineraries outside the Multibrot set 

If c G CxMf^, the Julia set of /c is a Cantor set. If c G Rm^{9) with 7^ not necessarily 
periodic, then the dynamical rays Rc{9 /d) . . . Rc[{9 + d — l)/d) bifurcate on the critical 
point. The set Rc{9/d) U . . . U Rc{{9 + d — l)/d^ U {0} separates the complex plane in 
d connected components. We denote by Uq the component containing the dynamical ray 
Rc{0) and by Ui, . . . , Ud-i the other component in counterclockwise (see Figure [9]). 



The orbit of a point x & K^ has an itinerary with respect to this partition. In other 
words, to each x G Kc, we can associate a sequence Lc{x) G {0, 1, ... d — 1} whose j-th 
term is equal to k if f°-^~^{x) & Uk ■ A point x & Kc is periodic for fc if and only if the 
itinerary Lc{x) is periodic for the shift with the same period. 

The map Lc '■ K^ -^ {0,1, ... d — 1} is a bijection. In particular, for each itinerary 

L E {0, . . . ,d — 1} and each c G C\ (Af^ U RM^iO)) , there is a unique point x{l, c) G K^ 

whose itinerary is l. For a given l G {0, . . . ,d — 1} , the map C\(^Md U /?Md(0)) — > 
C c \-^ x{l, c) G C is continuous, and even holomorphic (as can be seen by applying the 
Implicit Function Theorem). 

Proposition 3.13. Let ei . . . ^n-i* be the kneading sequence of a periodic angle 9 with 
period n > 2. If cq := 'yM^{9) is a primitive parabolic parameter and if one follows 
continuously the periodic points of period n of fc as c makes a small turn around Cq, then 
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Figure 9: The regions Uq, Ui, U2, f/3 for a parameter c befonging to -Rm4(1/15). 



the periodic points with itineraries Si . . . Sn-ik and Si . . . £„_i(/c + 1) get exchanged where 
k E l^d is the last digit of the period part of the d-expansion of 9. 

Proof. Since Cq is a primitive parabolic parameter, then the periodic point Xi := 7co(^) 
has period n and multipher 1. According to Case 2 in the proof of smoothness and lemma 



3.9, the projection from a small neighborhood of (co,a;i) in X„ to the first coordinate is 



a degree 2 covering. So the neighborhood of (co,a;i) in X„ can be written as 

{{c^ + 5\x{5)),{co + 5\x{-5)) I \5\<e] 

where x : (C, 0) — )■ (C, Xi) is a holomorphic germ with a;'(0) 7^ 0. In particular, the pair 
of periodic points for /c which are splitted from xi get exchanged when c makes a small 
turn around Cq. So, using analytic continuation on C \ (M^ U i?Md(0)), it is enough to 
show that there exists a c G CxM^ close to Cq such that x(±-y/c — Cq) have itineraries 
£1 . . . ^n-i^ and El . . . Sn-iik + 1) where k E Zd is the last digit of the period part of the 
(i-expansion of 6. 

Let us denote by Vo(co), Vi{co), Uq^Cq), . . . , Ud-i{co) and t/*(co) the sets defined in the 
previous section. For j > 0, set Xj := f^^ixo) and observe that for j G [l,n — 1], we have 

Xj G Ue^ico). 

For c G Rm^{0), consider the following compact subsets of the Riemann sphere : 
R{c) := Rc{e)U{c, 00} and S{c) := Rde/d) U .. .U Rc{ie + d - l)/d) U {0, 00}. 
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Denote by f/o(c) the component of C\S'(c) containing -Rc(O) and by Ui{c), . . . ,Ud-i{c) 
the other component in counterclockwise. From any sequence {cm} C RM^{d) converging 
to Co, by extracting a subsequence if necessary, we can assume R{cm) and S{cm) converge 
respectively, for the Hausdorff topology on compact subsets of C U {c)o}, to connected 
compact sets R and S. Since S{c) = f^^[R{c)), we have S = f^^^{R)- According to |PRt 
Section 2 and 3], R fl (Cxi^co) = -Rco(^)) the intersection of R with the boundary of i^co 
is reduced to {xi} and the intersection of R with the interior of K^g is contained in the 
immediate basin of xi, whence in Vi. It follows R C Vi(co) and S C t/^(co), that means 
any compact subset of C\f/^(co) is contained in C\S'(cm) for m sufficiently large . 

For j G [1, n — 1] and let Dj be a sufficiently small disk around Xj so that 

:D, Cf/,^.(co)cC\Z7,(co). 
According to the previous discussion, if m is sufficiently large, we have 

So the first n — 1 symbols of the itineraries of x{±y/Cm — Cq) are all ei,...,e„_i. As 
a;(-\/cm — Co) and x{—y/cm — Co) are different n periodic points of /c„, their itineraries must 
be different. It follows f^~^[x{±y/cm — cq)), which are sphtted from xq, lie in different 
component of C\5'(cm)- Combining with the fact that Rc^ (^{9 + k)/dj lands on xq {k is the 
last digit of the period part of the d-expansion of 6), we have /^^ (a;(±y^c^^J^^^c^)) belong 
to Uk{cm) and Uk+i{cm) respectively, then x{±y/Cm — Co) have itineraries ei . . . Sn-ik and 
^i . . . Sn-iik + 1) respectively. 

D 



Lemma 3.14. For 9 = I - l/(rf" - 1) = .{d- I) ■ ■ ■ {d - l){d - 2) {n > 2), we have 
iMdi^) is the root of some periodic n hyperbolic component attached to the main cardioid. 
If rj is denoted the companion angle of 9, then rj = d9 — d + 1. 

Proof. Let cp : = ■jMai^), then xi := 700(6*) is the parabolic periodic point of /eg as previous. 
By lemma 



3.2 



iy{9) = {d — 1) ■ ■ ■ {d — 1)*, so {d — 1) ■ ■ ■ {d — 1)* is the cyclic expression 
of i'{9). If Xq 7^ Xi, then the length of parabolic orbit is greater than 1. It implies 
the property (3) in lemma 3.11 is not satisfied, so Cq is a primitive parabolic parameter. 



According to propositior3.13, when c G C\ M^ is close to Co, Xi splits into two n periodic 



point y, z of fc with itineraries {d — 1) ■ ■ ■ {d — l){d — 2) and (d — 1) ■ ■ ■ {d — l)(d — 1). It 
leads to a contradiction to the period n oi y and z. So xq = xi and then cq is the root of 
some periodic n satellite hyperbolic component attached to the main cardioid. 

By the maximum of 9, we have Ud-i is bounded by Rcq [{9 + d — 2)/d) and Rc^ [{rj + 
d - l)/d). v{9) = {d-l)---{d- 1)^ implies Ra,{9) C Ud-i, then 9 <{r] + d- l)/d and 
Xq is on the boundary of Ud-i- On the other hand, {rj + d — l)/d is in the orbit of 9, so 
9 > [rj + d — l)/d. Then we have rj = d9 — d + 1. 

D 
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Remark. The dynamical rays -Rco(^) ^^^ ^coiv) ^''^^ consecutive among the rays landing 



at xq. Lemma 3.14 implies RcoiO) is mapped to Rco{r]). It follows that each dynamical 
ray landing at xq is mapped to the one which is once further clockwise. 



Proposition 3.15. Let 6 = I - l/{d" - 1) = .{d - 1) ■ ■ ■ {d - l){d - 2) be periodic with 
period n > 2. If one follows continuously the periodic points of period n of fc as c makes a 



small turn around 7Md(^)j then the periodic points in the cycle ofL^^{{d—l)---{d 
get permuted cyclically. 



l){d-2)) 




Figure 10: The dynamical plane of /c^. Cq := 7^/3(6') with 9 = .2221 



Proof. Set Co := 7j\/^(0). By Lemma 3.14, all the dynamical rays Rcq[t^{9)) land on 



a common fixed point Xq. This fixed point is parabolic and the companion angle of 9, 
denoted by 77, equals to d9 — {d — 1) = d9{m.od Z). Vi{cq) C f/d-i(co) which is bounded 
by Rco {{9 + d- 2)/d) and RcM- 



According to Case 3 in the proof of smoothness and lemma [3^ we have the projection 
from a small neighborhood of (cq, Xq) in X^ to the parameter plane is a degree n covering. 
Then the neighborhood of (co,Xo) in X^ can be written as 

{(co + <5",a;(5)),(co + <5",a;M)),...,(co + 5",a;K-i5)) | \5\ < e] 
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where x : (C, 0) — )■ (C,Xo) is a holomorphic germ satisfying x'(0) 7^ 0. So, for c close 
to Co, the set x{^fc^^Cf))} is a cycle of period n of /c, and when c makes a small turn 
around cq, the periodic points in the cycle x{ y/c — cq)} get permuted cyclically. So, 
combining with analytic continuation on C \ (M^ U i?Md(0)), it is enough to show there 
exists a c G CxM^ close enough to cq such that the point i'^^{{d — 1) ■ ■ ■ {d — l){d — 2)) 
belongs to x{y/c — cq}. Equivalently, we must show that there is a sequence {cj} C 
CxM^^ converging to Cq, such that the periodic point Hj := i~.^(((i — 1) ■ ■ ■ {d — l){d — 2)) 
converges to Xq. 

Let {cj} C Rm^{6) converge to cq as j — > 00. Without loss of generality, we may 
assume that the sequence yj converges to a point 2;, R{cj) converges to R and S{cj) 
converges to S in Hausdoff topo logy. The definition of -R(c), 5'(c), Uq{c), . . . , Ud-.i{c) are 



in the proof of proposition 3.13 As (cq, z) is on X„, then z is either the parabolic fixed 
point or repelling n periodic point of /eg . 

Suppose z is a repelling n periodic point, set Zi := fl^^{z). Now we will define a new 
sequence of open domain {VFfc(co)}. VFfc(co) is the connected component of U^{cq)\ the 



closure of Fatou component containing 0, adjacent with L^fc(co), t/fc+i(co) (see Figure 10). 
According to |PRt Section 2 and 3], R n (Cx/Tcq) = -Rco(^); the intersection of R with 
the boundary of K^q is reduced to {xq} and the intersection of R with the interior of i^co 
is contained in the immediate basin of Xq. It follows {zq, . . . , Zn-i} f] "S" = 0. Then for j 
sufficiently large, {2:0, • • • , ^n-i} C C \ S'c . As t/j has itineraries [d — 1) ■ ■ ■ {d — l){d — 2), 
we have {zq, . . . Zn-2] C Ud^i{cQ){}W d-iico), Zn^i G Ud^2{co){jW d-2{co). 

Claim 1. Zn-i ^ Wd-2{co). 

Proof. In J{fco)i ^0 is the unique periodic point with more than one external rays landing 
on it (refer to jPoi[ proposition 3.3]). So there is exactly one external ray landing on Zn-i 

with period n. Its angle is denoted by , a is a integer. If Zn-i G Wd-2, the angle 

a" — 1 
of external ray belonging to Zn-i satisfy 

ri + d-2 a e + d-2 , ^ 1 ,, , 

^—- — <- — 7 < ^^ — ^ = 1-- — -, 7] = de-d + i). 

d rf" - 1 d ^ d^ -I ' 

by simple computation, we have 

^- — -^ -rf" ^ -1 + -<a< ^- — -^ - rf" \ 
a — 1 a a — 1 

a contradiction to a is an integer. This ends the proof of claim 1. 
Claim 2. Zn-i i f/d-2(co). 

Proof. If Zn-i G Ud-2{.Co), we label the sectors at Xq by ^^(O <i<n — l) clockwise with 
'S'o = Vi{cq). The dynamics between these sectors satisfy 

Vi{Co) = So > Si > ■■■ > Sn-2 ^ Sn-l = C\ Ud-i{Co) 

As {zo,...Zn-2} C Ud^i{co)[jWd-i{co), wc havc zq = fcoizn-i) belongs to the union 
of Wd-i{co) and ljr=i^'S'i. If Zq & Si^ {1 < io < n - 2), then fco~'^~'°\zo) = Zn-2-io G 
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fco~^ (Sia) = Sn~2- It follows fco{zn-2^io) = Zn-i-io must belong to Wd-l{Co). So 
Zn-io e 5*0 and f^l"~^' (zn-ig) = Zn-i e fco (So) = Sig-i, contradiction to Zn-i G Ud-2- 
If zo e Wd-iico), then zi e So- We have fco (zi) = z^-i G fco (So) = Sn-2, also a 
contradiction to z„_i G f/(i-2(co)- This ends the proof of claim 2. 

The two claim imply the assumption that z is repelling n periodic point is false and 
then z must be a parabolic fixed point of fco, that is z = xq. O 



3.5 Proof of Theorem 3.1 



Fix n > 1 (the case n = 1 has been treated directly at the beginning). We proceed to 
show that Xn is connected. 

Set X := C \ (M(i U i?A/d(0)) and F„ := C\ all the landing points of periodic n 
parameter rays. Take any pair of points {a,w), {a',w') in X„. By analytic continuation, 
we may assume a, a' G X. Again by analytic continuation on simply connected open set 
X, we may assume a = a'. Thus it is enough to show that there exists a loop in F„ based 
on a such that the analytic continuation along the loop connects w and w'. We will give 
a algorithm to find such a loop. 

Let z be any n periodic point of fa- 
step 1 In the orbit of z, there is a point with maximal itineraries among the shift of La{z) 
in the lexicograph order, denoted by ei . . . e„. Set 9 = .ei . . . e^ (6' is maximal in its 



orbit). If 6 satisfies the properties in lemma 3.11 , do step 2 below. Otherwise, ^M^iO) 



is a primitive parabolic parameter. According to lemma 3^ and proposition |3.13[ 



when a makes a turn around 7jv/^(6'), the periodic point of fa with itineraries ei . . . e„ 
and ei . . . (e„ + 1) get changed. Then z is connected to a new orbit containing 
t~^(ei . . . (e„ + 1)). For this new orbit, repeat doing step 1. 

step 2 9 = .ci . . . e„ is maximal in its orbit and satisfies the properties in lemma |3.11[ 

If 6^ = .(d — 1) ■ ■ ■ (d — l)((i — 2), step 2 ends. Otherwise, let w'^~^w^ be the cychc 



expression of viO) where w = z^i . . . i/j, z/^ G [l,(i — 1]. As in lemma 3.12, we 
obtain a sequence of angles {/3yj_2, . . . , /3o, P-i} and know that jMaif^ut-i) is a 
primitive parabolic parameter with i/(6') = ei . . . en-i-*^ for any i G [2, z/t + 1]. Then 



by proposition 3.13 again, as a makes a turn around jMaiPut-i) (2 < i < t't + 1), 



the periodic points of fa with itineraries ei . . . e„_i(z/j — i) and ei . . . e„_i(z/( — z + 1) 
get changed. Then let a makes turns around from 'jMdif^ut-2) to 'jMdi/^-i) one by 
one, we have t~"^(ei . . . en-ien) are connected with ^^^(ei . . . e„_i((i — 1)) by analytic 
continuation through the points i^ ^(ei . . . e„_i(e„ — 1)), . . . , t~^(ei . . . en-iO). For the 
new periodic point 6^^(ei . . . e„_i((i — 1)), do step 1. 

Every time a n periodic point of fa passes though step 1 or step 2, the sum of all digits 
in the itineraries of the output periodic point is greater than that of the input one. For 
fixed n, this sum is bounded (the bound is {d — l)n — l) , then each n periodic point z 
can be connected to the orbit containing L'^^{{d — 1) ■ ■ ■ {d — l){d — 2)). 
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In our case, applying the procedure above to w and w\ we have w and w' are connected 
to two points of the periodic orbit containing i^^{{d — 1) ■ ■ ■ {d — l){d — 2)). Proposition 



3.15| tells us, by analytic continuation, any two point in this orbit can be connected as 
long as a makes the appropriate number of turns around 7A/d(l ~ 'dp^)- Thus w and w' 
are connected. D 
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